We obtain a representation for the norm of certain compact weighted composition operator C ψ,ϕ on the Hardy space H 2 , whenever ϕ z az b and ψ z az − b. We also estimate the norm and essential norm of a class of noncompact weighted composition operators under certain conditions on ϕ and ψ. Moreover, we characterize the norm and essential norm of such operators in a special case.
Introduction
Let D denote the open unit disk in the complex plane. The Hardy space H 2 is the space of analytic functions on D whose Taylor coefficients, in the expansion about the origin, are square summable. Also we recall that H ∞ is the space of all bounded analytic function defined on D. For α ∈ D, the reproducing kernel at α for H 2 is defined by K α z 1/ 1 − αz . An easy computation shows that f, K α f α whenever f ∈ H 2 . For any analytic selfmap ϕ of D, the composition operator C ϕ on H 2 is defined by the rule C ϕ f f • ϕ. Every composition operator is bounded, with If ψ is a bounded analytic function on D and ϕ is an analytic map from D into itself, the weighted composition operator C ψ,ϕ is defined by C ψ,ϕ f z ψ z f ϕ z . 
Norm Calculation
In this section we obtain a representation for the norm of a class of compact weighted composition operators C ψ,ϕ on the Hardy space H 2 , whenever ϕ z az b, ψ z az − b, |b| 2 ≥ 1/2, and 2|a| 2 |b| 2 ≤ 2/3. Also we give the norm and essential norm inequality for a class of noncompact weighted composition operators C ψ,ϕ on H 2 when ϕ z az n b, for some n ∈ N, |a| |b| 1, and ψ is a bounded analytic map on D such that the radial limit of |ψ| at one of the nth roots of b|a|/a|b| is the supremum of |ψ| on D. Also, when n 1 we obtain the norm and essential norm of such operators.
The following lemma was inspired by a similar result for unweighted composition operators 28, Theorem 1.4 . See 29 for a similar proof. 
2.2
Proof. We note that if f is in H 2 , then for every n ∈ N ∪ {0} we have |f n 0 /n!| ≤ f 2 . Hence we have
2.3
Let T be a bounded operator on a Hilbert space H. We recall that T e , the essential norm of T , is the norm of its equivalence class in the Calkin algebra. Since the spectral radius of the operator T * T equals T * T T 2 , we study the spectrum of T * T when trying to determine T . We say that the operator T is norm-attaining if there is a nonzero h ∈ H such that T h T h .
We know that T h T h if and only if T
Moreover, if T e < T , then the operator T is norm-attaining and so the quantity Hence 0 C ψ,ϕ e < C ψ,ϕ and so C ψ,ϕ is norm-attaining. Now our goal is to find a functional equation that relates an eigenvalue of C * ψ,ϕ C ψ,ϕ to the values of its eigenfunctions at particular points in the disk. In what follows we use the techniques used in 5, 6, 30 and present some results that help us to obtain the norm of C ψ,ϕ .
Let ϕ be an analytic self-map of D and let ψ be a bounded analytic map on D. Then
But if ϕ z az b such that |a| |b| ≤ 1, then by 3 or 28
where h z 1, g z 1/ − bz 1, and σ z az/ − bz 1.
From now on, unless otherwise stated, we assume that ψ z cz d, ϕ z az b, and |a| |b| ≤ 1. Since T * z is the backward shift on H 2 , we see that
for all z in D not equal to 0, where
2.7
In particular, if g is an eigenfunction for C * ψ,ϕ C ψ,ϕ corresponding to an eigenvalue λ, then
Formula 2.8 is essentially identical to 5, Formula 3.3 . Using 2.8 we can find a set of conditions under which we determine C * ψ,ϕ C ψ,ϕ . In the trivial case a 0 we have C ψ,ϕ ψ 2 
where one takes
Lemma 2.4. For each n ∈ N, τ n 0 α n b, where {α n } is strictly increasing sequence such that
Proof. By induction Since τ 0 b and τ 2 0 1 |a| 2 / 1 − |b| 2 b, the claim holds for n 1. Assume the claim holds for n − 1. We will prove it for n. We have
Now if we set α n 1 α n−1 |a| 2 / 1−α n−1 |b| 2 , then τ n 0 α n b. But by hypothesis α n−1 < α n , so
which implies that α n < α n 1 also τ n 1 0 τ α n b 1 α n |a| 2 / 1 − α n |b| 2 b. Hence the proof is complete. 
2.12
Proof. Since 2|a| 2 |b| 2 ≤ 2/3, it is easy to see that |a| |b| 1 if and only if |a| 1/3 and |b| 2/3. By assumption |b| 2 ≥ 1/2, so |a| |b| < 1. Therefore C ϕ is compact and, since C ψ,ϕ there is function g in H 2 such that C * ψ,ϕ C ψ,ϕ g λg. Let z ∈ D and for each integer j ≥ 0, τ j z / 0. By Lemma 2.3, we have
2.13
Hence
2.14
Now if w 0 is the Denjoy-Wolff point of τ, it suffices to show that γ w 0 λ < 1.
2.15
Suppose the above inequality holds. Then we conclude that there is 0 < β < 1 and N ∈ N such that for k > N we have |γ τ k z /λ| < β < 1. Now we break the proof into two parts. 1 The Denjoy-Wolff point w 0 of τ lies inside D, then g τ j z converges to g w 0 . Hence
2 The Denjoy-Wolff point w 0 of τ lies on ∂D, then by 31, Lemma 5.1 τ must be parabolic and by 6, Lemma 3.3 there is a constant C such that
2.17
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Thus it follows that
2.18
2.19
Now we show that |γ w 0 /λ| < 1. Since a c and b −d, we see that
2.20
By 30 , we have 
2.23
Proposition 2.6. Let a c, b −d, |b| 2 ≥ 1/2, and 2|a|
Proof. Since for every integer j ≥ 0, τ k ϕ 0 / 0, in Proposition 2.5 we set z ϕ 0 , then we have
2.25
Since ϕ 0 τ 0 , we see that
2.26
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But g ϕ 0 / 0, because otherwise Proposition 2.5 would dictate that the function g z is identically 0. Thus eigenfunction g must have the property that g ϕ 0 / 0. Hence we have
We define
Now we characterize the properties of F and by using these properties we obtain a formula for the norm of C ψ,ϕ . The idea behind Proposition 2.7 is similar to the one found in 30 . 
Therefore there is a constant C such that > 0.
2.32
Also it is obvious that
Hence the proof of part b is complete. 
Proof. By Propositions 2.6 and 2.7, there is exactly one positive real number λ which satisfies equation 2.34 , and this number must be equal to C ψ,ϕ 2 . 
2.36
Now by using numerical methods, we have 
2.37
Hence we see that C ψ,ϕ 2 ≈ 1.797084948.
The hypotheses of Theorem 2.8 restrict us to considering the norms of compact operators. In the remainder of this section we investigate the norm and essential norm of a class of noncompact weighted composition operators. 
2.38
Proof. Let 0 < r < 1. Taking β rα, by a similar proof for unweighted composition operators 28, Proposition 3.13 , we have 
